We have examined the properties of neutron-rich matter and finite nuclei in the modified relativistic Hartree approximation for several values of the renormalization scale, µ, around the standard choice of µ equal to the nucleon mass M .
Introduction
The archetypal Walecka model is a point-particle, relativistic field theory in which nucleons interact via the exchange of σ-and ω-mesons. If systems with non-zero isospin are studied the exchange of ρ-mesons also gives substantial contributions. This type of model has been widely employed to study matter both at normal and at high density e.g. [1] . The Lagrangian takes the form
where
We have allowed for both vector and tensor coupling of the ρ field, b µ , to the nucleon (the latter is only employed in evaluating the exchange or Fock diagram). We note that the presence of the ρ meson renders the Lagrangian non-renormalizable, although a renormalizable model can be constructed [1] .
In the mean field approximation, where the fields are replaced by their classical expectation value, the energy density for an infinite system is
Here the nucleon effective mass, M * = M − g σ σ, E * = √ k 2 + M * 2 and 2 , where i denotes the meson species. The subscripts N and P on the Fermi momentum k F and density n distinguish the neutron and proton values. The total density n = n N + n P , thus the neutron excess parameter α = N −Z A = n N −n P n . Normal nuclear matter corresponds to α = 0, but here we shall be interested in neutron star matter for which α ∼ 1. Also matter with α ∼ is of interest for stellar collapse leading to supernova explosions.
In the relativistic Hartree approximation (RHA), where the one loop diagrams are taken into account, the energy density is the sum of the mean field contribution and a one-loop vacuum correction term E RHA = E MFA +∆E.
The one-loop vacuum correction term, caused by a shift in the single particle energies, receives contributions from the σ-interaction only. It contains divergences and the necessary renormalization introduces a scale, µ. Explicitly [2] ,
In order to specify the finite parameters f n , we define λ m (M * ) =
and require λ 0 (M) and λ 1 (M) to be zero so that the vacuum energy is zero and corresponds to a minimum. We can also set λ 2 (M * ) = 0 at M * = M because different choices simply correspond to modifying the parameter C 2 σ arise for µ = M and are shown explicitly in eq. (5) . We refer to this approach as the modified relativistic Hartree approximation (MRHA).
In principle the results of an exact treatment would be independant of the renormalization scale, however this will not be the case when a simple approximation such as the MRHA is employed. Therefore the renormalization scale should be chosen on physical grounds and we have previously found [2, 4] that in nuclear matter the choice µ = M gives a better account of the second derivative of the energy/particle at saturation (the compression modulus) and also the third derivative (the skewness or anharmonicity). Our purpose here is to test the MRHA further by applying it to finite nuclei and neutron stars. Nuclei are expected to provide a more stringent test, in particular they are much more sensitive to the value of the nucleon effective mass than infinite systems. The value of M * in the interior of a heavy nucleus should approximate that found for equilibrium nuclear matter, which varies significantly with the renormalization scale. We will examine the predic-tions of the MRHA for the spherically-symmetric, doubly-closed-shell nuclei 16 O, 40 Ca and 208 Pb. In the case of neutron stars we are dealing with dense asymmetric matter. Apart from the obvious question of whether the MRHA supports neutron stars of the observed mass, we ask whether such global properties provide a significant constraint on the nuclear equation of state around the saturation density. It is also of interest to ask whether the proton fractions are such that the direct Urca process, i.e. neutrino emission from a single nucleon, is possible. If so, this will provide the dominant cooling mechanism [5] since the standard modified Urca mechanism involves two nucleons.
Exchange terms are a fundamental feature of nuclear physics, but they are not included in the MRHA. An additional goal of this work is to study the contribution of the lowest-order, two-loop exchange diagram to nuclear and neutron-rich matter. The vacuum contributions are large in magnitude, however it has been found that they become small if form factors are included to reflect the composite nature of the particles [6] . We therefore consider just the matter, or Fermi sea, contributions which are much less affected by form factors. This is a tractable calculation which should allow us to get a qualitative indication of the importance of exchange effects in dense matter.
The organization of the paper is as follows. Section 2 deals with the MRHA; we start with a brief discussion of nuclear matter in subsec. 2 The Modified RHA
Nuclear Matter
For a given value of µ/M the parameters C 2 ω and C 2 σ are fitted to the equilibrium nuclear matter properties. We take a binding energy/particle of 16
MeV. In the interior region of heavy nuclei the measured charge density indicates an equilibrium matter density of n 0 = 0. 16 
where r 0 is the radius parameter and S is the skewness or anharmonicity parameter defined by S = k
. One then has a linear correlation between S/K and K as shown by the shaded band in fig. 1 (the box indicates the point obtained by Sharma [10] , however χ 2 changes little over the shaded area). The points give results [4] 
Asymmetric Matter
We show in fig. 2 the binding energy/particle for nuclear matter and for pure neutron matter as a function of density; the full curves are obtained in the present MRHA approximation. At a given density the difference in energy between the pairs of curves is roughly independent of µ, varying by less than As we add neutrons to nuclear matter, i.e., as α increases from 0, the equilibrium binding energy is reduced and the corresponding density is reduced.
We have verified that this can be accurately described by the expression [11] n sat (α) = n nm (1 − Cα 2 ) .
The constant C is listed in Table 2 . Further one can define the compression modulus at the saturation density of the asymmetric system, i.e., the isobaric incompressibility K iso , and to second order in α this can be written
Here the coefficient A gives the asymmetry dependence of K iso at nuclear matter density, while B allows for the change of equilibrium density in the neutron-rich system. These parameters, along with the combination A are given in 
Stellar Matter
We have calculated the properties of neutron stars using the hydrostatic 
where µ i , i = N, P and e, are the chemical potentials of the fermions, x = Z/A and E(n, x) is the energy per baryon. Muons will be present when µ e ≥ m µ = 105.7 MeV, which is generally the case for n ≥ n 0 . In the presence of muons, the proton fractions are determined by imposing the charge neutrality condition n e + n µ = n P and the energy conservation condition µ e = µ µ . The lepton contributions to the energy density and pressure are given by Fermi gas expressions (the electromagnetic interactions of the leptons give negligible contributions).
The measured mass [16] of 4U0900-40, which is (1.85 ± 0.3)M ⊙ , may provide a limit for the maximum mass of a neutron star. The most accurate determination [17] , for one component of the binary pulsar PSR 1913 + 16, is
The maximum masses in table 3 are consistent with these limits, although since hyperons are expected to reduce the maximum mass [18, 19] the case with µ = 1.5M can probably be excluded and the value for µ = 1.25M appears dangerously low. Note that M max is not a monotonic function of K. Thus observed neutron star masses cannot be used to effectively constrain the compression modulus alone. Such properties of nuclear matter are not uniquely determined by the gross features of neutron stars [20] , which constrain the softness of the neutron-rich equation of state. In table 3 we also give the radius of the neutron star and the ratio of the cen-tral density to equilibrium nuclear matter density, the latter for a maximum mass star and a 1.44M ⊙ star. The qualitative trends follow the high density stiffness of the equation of state.
We turn now to estimate the maximum Keplerian frequency of rotation from the formula [21]
where M max and R max are the maximum mass and corresponding radius for the spherical non-rotating star. The empirical relation (11) reproduces the results of more exact calculations [22, 23] . It is interesting to observe that changes in the renormalization scale serve to increase the Keplerian rotation frequency and give values which are on the upper end of those found with relativistic equations of state [23] .
Recently, it has been pointed out [5] that the direct Urca processes
may constitute the principal avenues through which the late-time rapid cooling of neutron stars occurs. For these processes to occur in matter in which the only baryons are nucleons, momentum conservation requires that the magnitude of the electron concentration x e exceeds a value [5] 
where x = Z/A is the proton fraction. When leptons (e − and µ − ) are the only source of negatively charged particles, charge neutrality and eq. (13) stipulate that x exceed a value in the range 0.11 − 0.15. In the models considered above, the symmetry energy rises sufficiently rapidly with density so that the calculated proton fractions are large enough for the direct Urca cooling mechanism to be operative.
Since the calculated maximum neutron star masses exceed the observed values for all but very large values of µ/M, we conclude that the gross properties of neutron stars do not effectively constrain the renormalization scale µ/M.
Finite Nuclei

Formalism
For finite nuclei the Coulomb interaction is needed so that the Lagrangian (1) is supplemented by the photon Lagrangian
Here A µ is the Maxwell field and f µν is the electromagnetic field strength tensor. It is straightforward [1, 24] to obtain from L + L ph the equations of motion in the mean field approximation. The vacuum is taken into account by means of the local density approximation and the leading correction terms of the derivative expansion [25] . The latter give small, although not negligible corrections [26] . The derivative expansion appears to be rapidly convergent [27, 28] so that the lowest order corrections should suffice.
The corrections of the derivative expansion can be obtained by evaluating the one-loop polarization contribution to the scalar and vector meson propagators [29] . The question arises as to where these propagators should be renormalized, at M * = M or at M * = µ. If in the former case one chooses λ 2 (M) = 0 and in the latter λ 2 (µ) = 0, where λ 2 is defined in sec. 1, then changing the renormalization point for the scalar meson is simply equivalent to varying m σ , which is a free parameter anyway. For the ω-meson it is reasonable to require that, in vacuum, the pole of the propagator lies at the known physical mass. Then changes in the renormalization point will not affect the predictions, but rather the interpretation of the parameters.
Therefore it is sufficient to take the derivative contributions in standard form [25] so that the complete scalar density is
where G and F are the components of the Dirac spinors for the occupied states and M * is the spatially dependant effective mass, M * (r) = M −g σ σ(r).
Only the timelike component of ω µ is non-zero for the spherically symmetric nuclei we consider. The full vector density is
and the contribution to the total energy from the vacuum is given by
where M * = M * (r).
Results
We now consider the predictions of the MRHA for finite nuclei 1 , specifically the doubly closed-shell nuclei 16 O, 40 Ca and 208 Pb. In addition to the parameters of table 1, the meson masses are required. We use the physical masses for the ρ-and ω-mesons; the value of m σ , which is not a priori known, is discussed below. A pure vector ρN coupling is employed in these calculations. As we have remarked, the vacuum is treated by means of the local density approximation supplemented by the leading terms of the derivative expansion. The effect of the latter are fairly small, giving a decrease in the binding energy, an increase in the radius for a fixed σ mass and very little change in the single particle energies. If m σ is adjusted so that similar radii are obtained with and without the derivative terms, the net result is a small increase in the binding energy when the derivative terms are included [26] .
We shall present results which include the contributions of the derivative terms.
In table 4 we summarize the bulk properties of the nuclei as a function of µ/M for a fixed value of m σ = 550 MeV. The theoretical values of the binding energy/particle include a correction for the c.m. kinetic energy [31] .
The charge densities, and therefore the radii quoted, are corrected for the finite size of the proton [24] and for c.m. effects [32] . In table 4 we also give the separation between the neutron 2f levels in 208 Pb so as to indicate the order of magnitude of the spin-orbit splittings. In studying table 4 it must be borne in mind that while C 2 σ is fixed from nuclear matter, the value of m σ can be regarded as a free parameter. Decreasing m σ has the effect of increasing r ch and decreasing BE A and vice versa [24] . Thus for µ/M=0.73 the charge radius of Pb is too large, while those of O and Ca are too small so that we shall not be able to obtain a reasonable account of these nuclei by varying m σ . For µ/M=1.5, the deviations of the radius from experiment are quite disparate for Ca and Pb and this cannot be resolved by adjusting m σ . Further in this case the spin-orbit splittings are much too small-the value in table 4 is less than a third of the experimental figure. This is due to the large value of the effective mass at saturation in nuclear matter (0.86).
As is well known [1] The spin orbit splittings that we find are too small; on average they are 80, 60 and 30% of the experimental values for µ/M=0.79, 1.0 and 1.25, respectively, and the percentage becomes somewhat smaller for the lighter nuclei. For the standard renormalization, Fox [33] has made the same point and noted that the mean field results are close to, or a little larger than, the data (see also, for example, the fits in ref. [34] ). This value of µ/M renders the self-consistently determined effective three and four body scalar self-couplings to be zero at a nuclear density of n = 0.092 fm −3 , which is roughly halfway between the equilibrium point and the vacuum. With µ/M=0.79 the coefficient of the induced σ 4 term is negative and this has long been known to be necessary in mean field treatments which fit parameters of σ 3 and σ 4 terms to nuclei [34, 35, 36] .
Exchange Contributions for Infinite Systems
Formalism
We turn now to assess the importance of exchange contributions from the two-loop diagram shown in fig. 8 ; here a solid line represents a nucleon with propagator S and a dashed line represents a meson with propagator D. Along with the σ and ω mesons we shall include the ρ since this is clearly necessary for neutron-rich matter. The exchange diagram gives a contribution to the energy density
where k = p 1 − p 2 and Lorentz indices have been suppressed. We use the mean field form of the propagators, treating the two-loop contribution as a perturbation. The matter part of this contribution to the energy density involves the basic integrals
For completeness, we first give the expressions [3] for σ-and ω-exchange.
The energy density is the sum of neutron and proton contributions
Here
The energy density for ρ exchange can be written
For the general case with both vector and tensor coupling each e ρ is the sum of vector-vector, tensor-tensor and vector-tensor contributions
These contributions can be written in the form
where w ρ = (m ρ /M * ) 2 and the subscripts 1 and 2 on E F and ξ refer to the appropriate Fermi momenta. If the no-retardation approximation is made, i.e., energy differences (E * 1 − E * 2 ) are set to zero, this can be put in the form given by Bouyssy et al. [12] . Note that they remove the (three-dimensional) delta function contribution from the tensor-tensor piece, arguing that it should be suppressed by short-range correlations.
Thus in this approximation the total energy density E total = E RHA + E exch , where E exch = E σ + E ω + E ρ . For a given density the value of M * is obtained from the usual minimization condition ∂E total /∂M * = 0 and here both the RHA and exchange contributions are taken into account. A word of caution is in order regarding the high density behavior, k F → ∞. Since in this limit E MFA ∝ n 2 , while E σ and E ω ∝ n The Landau effective mass, M * L , is defined in terms of the velocity at the Fermi surface, v F , and the single particle spectrum, ǫ(k), according to [39] 
The well known result M *
is obtained in the MRHA. Here we shall study the modification of M * L induced by the exchange diagram for the case of nuclear matter where the neutron and proton Fermi momenta are the same. In order to perform the calculation we need ǫ(k). This can conveniently be obtained by taking the functional derivative of the energy density with respect to the occupation probability, δE/δn(k), where, for nuclear matter,
The contributions of scalar and vector exchange to ǫ(k) have been given by Chin [3] . The contribution of the ρ can be written as the sum of vector-vector, tensor-tensor and vector-tensor terms,
For nuclear matter these terms are
where E * 2
* and the other quantities are defined above. The derivative of ǫ is then easily evaluated to obtain the contribution to the Fermi velocity.
Results
When the exchange diagram is included it is necessary to refit nuclear matter properties. In order to restrict the number of parameters, we take a σ mass of 550 MeV and fix the ρ-nucleon couplings. For the vector part we take g 2 ρ /4π = 2.4 (C 2 ρ = 44.9) from πN scattering [40] , assuming ρ universality. Reference [40] indicates a tensor-vector ratio, f ρ /g ρ , of 6.6, which is at the upper end of currently accepted values [7] . We shall also consider the smaller ratio of 3.7 derived from the isovector anomalous magnetic moment of the nucleon in the vector dominance model; studies of nuclear systems in the Hartree-Fock approximation [12] favor the smaller value. The σ and ω coupling constants which result from fitting the saturation properties are collected in table 6.
Since the net effect of exchange is repulsive, it is necessary to reduce the ω coupling and for µ/M=1.5, C 2 ω is unreasonably small and, in fact, we were not able to obtain a satisfactory fit with the stronger tensor coupling. We also show in table 6 the compression moduli which show some modest changes from their previous values; for µ/M = 0.79 and 1.0, K is reduced, whereas in the other cases K increases. In the last column we give the coefficient of the symmetry energy, a symm . Here the exchange contribution from the σ The effect of exchange on the binding energy/particle as a function of density is shown in fig. 2 . The dashed curves correspond to the weaker tensor ρ coupling for which the effect of exchange is fairly small, although the impact of the increased symmetry energy is noticeable for neutron matter. In table 7 we show the individual contributions of the MRHA and exchange to the Fermi velocity (see eq. (22)). The exchange contribution arises from σ (negative) and ω and ρ (positive) contributions, none of which is insignificant. The total exchange contribution is about 5% (25%) for the weak (strong) tensor coupling. In the weak case the net results for the Landau effective mass are quite close to those given in table 1 for the pure MRHA, whereas a reduction of ∼10% is obtained with the strong tensor coupling. In neither case are the exchange contributions to the effective mass sufficiently small that they can safely be ignored.
Turning to neutron stars, we find that properties given in table 3 probably a little low in view of the expected effect of hyperons [18, 19] . The cooling of neutron stars by the direct Urca process is allowed in all cases, as was the case without exchange.
Summarizing this section, we have examined the matter contribution arising from the lowest order exchange diagram using the minimum number of mesons and found quite modest effects for neutron-rich systems, even with the strong tensor-vector ratio for the ρ coupling. It is unlikely that inclusion of, for example, the pion field would qualitatively change this conclusion. Indeed rather small effects were obtained from the Fock terms in (pure matter)
Hartree-Fock calculations [43] which included the pion as well as a number of baryon fields.
Conclusions
The main thrust of our work has been to examine the implications of different choices of the renormalization scale in neutron-rich matter and finite nuclei, following our previous work [2, 4] which has the disadvantage that it excludes the vacuum which is an inherent feature of relativistic field theories. Provided σ 3 and σ 4 terms are included in the Lagrangian, this approach gives somewhat better agreement for finite nuclei, particularly as regards the single particle energies. However it must be borne in mind that non-relativistic calculations [44] show that correlations play an important role in determining the spectral strength distributions in actual nuclei.
Changing the renormalization scale µ/M from 1.0 to 0.79 can be viewed as choosing the effective three and four body scalar self-couplings to be zero at a point which correspond to 60% of equilibrium nuclear matter density, rather than in the vacuum. For µ/M< 1, the coefficient of the σ 4 term is negative and one can worry that the effective potential of the scalar field,
has quite a shallow minimum [4] at the vacuum value of σ = 0 for µ/M=0.79.
More troublesome is the fact that for σ → −∞ the effective potential is unbounded from below, U eff → −∞, irrespective of the choice of the renormalization scale. This means that formally we are dealing with a local minimum rather than an absolute minimum in the energy. Thus, while the phenomenology is successful in explaining a large amount of data, unresolved theoretical issues remain.
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